We find the different spatial chaos in a one-dimensional attractive Bose-Einstein condensate interacting with a Gaussian-like laser barrier and perturbed by a weak optical lattice. For the low laser barrier the chaotic regions of parameters are demonstrated and the chaotic and regular states are illustrated numerically. In the high barrier case, the bounded perturbed solutions which describe a set of discrete chaotic states are constructed for the discrete barrier heights and magic numbers of condensed atoms. The chaotic density profiles are exhibited numerically for the lowest quantum number, and the analytically bounded but numerically unbounded Gaussian-like configurations are confirmed. It is shown that the chaotic wave packets can be controlled experimentally by adjusting the laser barrier potential.
I. INTRODUCTION
It is well-known that chaos in a nonlinear system not only may play a destructive role, but also has many practical and dramatic applications [1] . Chaos has been thoroughly studied during the last century in many different fields of physics. Very recently it has been recognized that existence of chaos is also possible in the BoseEinstein condensates (BECs) described by the GrossPitaevskii equation (GPE) picture [2] and in the discretized systems describing trapped BECs within the space-mode approximation [3] . The temporal chaos was revealed in the time evolutions of BECs trapped in a double-well potential [4] . The spatial chaos with spatially disordered configurations was investigated for the stationary states of the BECs held in an optical lattice [5] . The spatiotemporal chaos in BECs interacting with different potentials has also been found [6] .
The mean-field stationary states of a BEC are dominated by the time-independent one-dimensional (1D) GPE [7, 8] . For a BEC in ground state without current [7] the GPE is a real equation and can be identical with the celebrated Duffing equation [9, 10] by using time instead of spatial coordinate. Particularly, when such a GPE is perturbed by a weak periodic potential, the Smale-horseshoe chaos may appear for a certain parameter region of the extended dynamical system [9, 10] . The Melnikov chaos criterion gives the chaotic parameter region in which the perturbation parameters are allowed to vary their values continuously [11, 12, 13, 14] . The Gaussian-like barrier potentials can be realized by a sharply focused laser beam in the experiment [15] , which have been applied to investigate the shock-wave formation in BECs [16] , the nonlinear resonant transport [17] * Electronic address: whhai2005@yahoo.com.cn and deterministic chaos [18] of BECs. Recently, using external fields to control quantum states of BECs has become an important physical motivation [19] .
When a BEC is created initially in a time-independent optical lattice, the stationary states of the GPE are determined by the boundary conditions and are adjusted by the system parameters. The different boundary conditions may be established in a practical experiment, which cannot be set accurately. In the non-chaotic regimes, a small change of the boundary conditions and/or system parameters brings the BEC state only a small correction which can be neglected in a good approximation. In the chaotic regimes, however, the stationary state depends on the conditions and parameters sensitively. The sensitivity means that a small change of the conditions and/or parameters may cause a great difference which is not negligible. For example, the periodic configuration of BEC density is changed to the aperiodic and irregular one. It is important for the application purpose to predict the bounded states and to manipulate the corresponding density distributions which govern the beam profile of an atom laser extracted from the BEC [20] . Therefore, investigating the spatial chaos and its control is necessary and interesting for the considered BEC system.
The main aim of this paper is to present an analytical evidence of a different type of spatial chaos which can be defined as the discrete chaotic states, and to establish a method for controlling the chaotic states. By the discrete states we mean a denumerable set of bounded solutions in which any solution is one-to-one with a value in a discrete set of the parameter values. If the discrete states meet the Melnikov chaos criterion, we call them the discrete chaotic states. By using a laser beam modeled by the tanh-squared-shaped barrier potential [21] which is known as the Rosen-Morse potential [22] , we demonstrate the existence of spatial chaos in the BEC held in a weak optical lattice. The chaotic regions of parameters are exhibited and the regular and disordered configurations of the BEC are illustrated. It is shown that the width and site of the strong barrier potential confine the width and site of the BEC wave-packet, and a denumer-able set of the barrier height values corresponds to the discrete chaotic states and magic numbers of condensed atoms. Thus the possible chaotic states can be controlled by adjusting the width, site and height of the laser barrier experimentally.
II. CHAOTIC AND REGULAR STATES FOR THE LOW LASER BARRIER
For the considered BEC system with transverse wave function being in ground state of a harmonic oscillator of frequency ω r , the governing time-independent quasi-1D GPE reads
where m is the atomic mass, µ is the chemical potential, and g ′ 1d = g 0 mω r /(2π ) = 2 ω r a s denotes the quasi-1D atom-atom interaction intensity with a s being the s-wave scattering length. Hereafter, by ψ xx we mean the second derivative of ψ with respect to x. The external potential
contains the longitudinal barrier potential of strength V 0 > 0, width β −1 and center site x c , and the perturbed lattice potential with V 1 and k being the intensity and wave vector. The former as a Gaussian-like potential can be formed by a sharply focused laser beam in the experiment [15] , and the latter is a laser standing wave. Taking β −1 and β as the units of coordinate x and density |ψ| 2 , and normalizing the potential strengths V 0 , V 1 and chemical potential µ by using E β = 2 β 2 /m, Eq. (1) becomes the dimensionless equation
Here the interaction intensity is reduced to g 1d = 2 ω r a s β/E β = 2a s /(βa 2 r ) with a r = /(mω r ) being the transverse harmonic oscillator length, and the potential gets the form
with k measured in β.
We are interested in the real solution of GPE (2), which makes the GPE the perimetrically perturbed Duffing equation [10] in the spatial evolution and for the weak potential. It is well known that existence of the periodic perturbation is necessary for the appearance of chaos in the Duffing system [11, 12, 13] . When negative interaction and negative chemical potential are taken, in the absence of external potential the system has the wellknown homoclinic (separatrix) solution [10, 11, 12, 13] where c 0 is an arbitrary constant adjusted by the boundary conditions at the boundary x = x 0 . For the BEC system governed by Eq. (2) the constant c 0 cannot be determined experimentally, because of the undetectable ψ 0 (x 0 ). The presence of the weak external potential leads to the Melnokov function [10, 11, 12, 13] 
for 0 < V 0 ≪ 1 and |V 1 | ≪ 1, where ψ 0x denotes the first derivative of ψ 0 with respect to x, constant F from the barrier potential reads
with ∆ = c 0 − x c . The Melnokov function measures the distance between the stable and unstable manifolds in the Poincaré section of the equivalent phase space (ψ, ψ x ). For some c 0 values if the Melnikov function has a simple zero, the locally stable and unstable manifolds intersect transversally such that the Smale-horseshoe chaos exists in the Poincaré map [10, 11, 12, 13] . The possibility of M (c 0 ) = 0 results in the chaotic region of parameter space
When parameters are taken in the chaotic region, the Melnikov function has zero points and the stable and unstable manifolds in the Poincaré section may intersect that leads to the Smale-horseshoe chaos. It is possible that the regular orbits exist for both the chaotic and non-chaotic regions. The chaotic and regular orbits in the chaotic region depend on the different boundary conditions respectively. As can be seen from Eq. (7), for any negative chemical potential µ < 0 and any barrier potential strength in the region 0 < V 0 ≪ 1, the chaotic region depends on constant F in the plane of parameters V 1 versus k. The F is determined by the parameters V 0 , µ and c 0 − x c with the potential strength V 0 and site x c being adjustable. In Fig. 1a we show F as a function of c 0 − x c for µ = −2 and V 0 = 0.2 by using the MATHEMATICA code. From this figure it can be observed that |F | has a maximum |F | = 0.015 and a minimum |F | = 0. The former corresponds to the minimal chaotic region of Eq. (7), and the latter is associated with the maximal chaotic region |V 1 | > 0. Taking µ = −2 and F = 0.005, 0.01, 0.015 associated with three different c 0 values respectively, from Eq. (7) we plot the boundary curves of the chaotic regions as the dashed curve, solid curve and doted curve of Fig. 3a we can see the profile of the combined potential between the barrier potential and periodic lattice. In Fig. 3b we exhibit the aperiodicity and irregularity of the chaotic macroscopic wave function corresponding to Fig. 2 numerically. In order to confirm the sensitive dependence of chaotic system on the boundary conditions, we change only the boundary condition as [ψ(10000), ψ x (10000)] = (0, 0.00001) to plot the wave function. This small change leads the irregular curve in Fig. 3b to the periodic one in Fig. 3c . When the lattice strength is decreased to V 1 = 0.005 and the other parameters are kept, from The results display the different profiles of macroscopic quantum states and reveal that the existence of chaos means the sensitive dependence of the BEC system on the boundary conditions and parameters.
III. DISCRETE CHAOTIC STATES FOR THE HIGH LASER BARRIER
The chaotic region of Eq. (7) is based on the perturbation theory [11, 12] so that it is valid only for very small potential strengths V 0 and V 1 . When the strength V 0 of the barrier potential is continuously increased to strong enough, e.g. V 0 > 1, it can no longer be treated as a part of perturbations. In this case we require to reconsider the perturbation problem of the stationary states. Applying the well-known Rayleigh-Schrödinger expansions [23] 
to Eq. (2) of real ψ, we have the leading order and the first order equations as
Noticing that Eq. (9) has many special solutions for the fixed values of V 0 , g 1d , x c and different µ 0 values. Only the homoclinic solution is related to the Melnikov's chaos and the other solutions are associated with the regular states of Eq. (2). Here we are interested in the chaos and only consider the homoclinic solution thereby. It can be easily proved that the homoclinic solution of Eq. (9) has the form
Differing from Eq. (4), Eq. (11) describes a wave packet whose height and width are adjusted by the potential intensity V 0 and width β −1 implied in the unit of x. Substituting Eq. (11) into Eq. (10) yields the nonhomogeneous equation
The corresponding homogeneous equation for f = 0 is a well-known Schrödinger one with trapping potential −(2V 0 + 3)sech 2 (x − x c ) and eigenenergy E = −1/2. Given two linearly independent solutions of the homogeneous equation as ψ ′ 1 and ψ
−2 dx, the exact general solution of non-homogeneous Eq. (12) can be written in the integral form [24] 
where A and B are arbitrary constants determined by the boundary and normalization conditions. This solution can be directly proved by comparing the second derivative ψ 1xx from Eq. (13) with that in Eq. (12) . Boundedness of the perturbed correction ψ 1 is the physical requirement, which depends on the bounded ψ ′ 1 . In order to seek such a ψ
Inserting Eq. (14) into the homogeneous part of Eq. (12) with f = 0 produces the hypergeometric equation
where a = 0.5 − λ, b = −0.5 − λ. Its two linear independent solutions with finite terms read [23] (14) we arrive at the bounded solutions
Noting that ψ ′ 1 of Eq. (17) tends to zero, and ψ
−2 dx of Eq. (13) is infinity at x = ±∞. Thus the second term of Eq. (13) is in the form of zero multiplying infinity at x = ±∞, so we can use the l'Hospital rule to calculate the limit and to prove the boundedness of this term. For the first term of Eq. (13) we have to establish the boundedness condition
The necessity of Eq. (18) is obvious for the boundedness of Eq. (13), because of the unboundedness of ψ ′′ 1 . Under condition (18) we can apply the l'Höpital rule to the both terms of Eq. (13), obtaining [24] lim x→±∞ ψ 1 = 2 lim x→±∞ f (x) = 0. This limit implies that Eq. (18) is also sufficient and the obtained macroscopic wave function satisfies the usual boundary condition ψ(±∞) = ψ 0 (±∞) + ψ 1 (±∞) = 0. Noticing the correspondence between f (x) and ε (1) k (x) in Eq. (9) of the second article of Ref. [24] , the above proof of sufficiency is clear.
The integration of the first term in Eq. (13) is insolvable and cannot be expressed by finite elementary functions. Hence, in the numerical computation based on Eq. (13), small deviation from the exact value of the integration satisfying condition (18) is avoidable. The small deviation will be amplified exponentially fast by the unbounded function ψ ′′ 1 (x) until infinity as x → ±∞ that exhibits the numerical instability. The analytical insolvability and numerical instability can cause the unpredictable chaotic behavior [14] . The difference I + − I − of the integration in Eq. (18) (13) as |x| tending to infinity, which leads to a new feature as the analytical boundedness but numerical unboundedness, namely the evidenced incomputability and unpredictability of the chaotic behavior [14] . Therefore, under the condition (18) the solution ψ(x) = ψ 0 (x) + ψ 1 (x) in terms of Eqs. (11) and (13) is called the chaotic solution [14] . If the zero boundary condition [ψ(±∞), ψ x (±∞)] = (0, 0) is required theoretically, the uniqueness theorem infers the chaotic solution to be the unique one of the system. On the other hand, from the formula of the energy functional [7, 8] ,
we know that unlike the unbounded solution with |ψ + (±∞)| = ∞, the analytically bounded solution with ψ + (±∞) = 0 is associated with the finite energy functional and may be metastable thereby [7] . Although the chaotic solution is not very stable, due to the sensitive dependence on the parameters and boundary conditions, it may also be metastable compared to the analytically unbounded solution. Particularly, these bounded solutions are valid only for the discrete V 0 values of Eq. (17) . This means the corresponding analytically bounded chaotic states to be discrete with the increase of the barrier height.
The above-mentioned results imply that when the barrier potential is strong enough, its strength values must be discrete for the bounded perturbed solutions. For the discrete V 0 = V 0n values the leading number-density ψ 2 0 is proportional to V 0n and the leading chemical potential is given as µ 0n = − 1 2 − V 0n by Eq. (11), the both are also discrete. The parameters V 1 , k, x c and g 1d can vary their values continually in a certain parameter regions. Given a set of values of V 1 , k, x c , the first correction µ 1 is determined by the boundedness condition of Eq. (18) . In Eq. (10) the discrete chemical potential µ ≈ µ 0n + µ 1 is equivalent to the energy of a Schrödinger system. In quantum mechanics [23] , it is known that the boundedness of wave function may lead the energy to take discrete values. Mathematically, the relationship between the discrete values of potential strength V 0 = V 0n and the exactly bounded solutions of Eq. (12) agrees qualitatively with that of a 2D Coulomb correlated system [26] , where the Schrödinger equation is exactly solvable only for a denumerably infinite set of values of magnetic strength (or the corresponding oscillator frequency). Physically, we well know that for a 2D electron gas in a semiconductor heterojunction the integral and fractional quantum Hall plateaus are associated with the discrete set of values of magnetic strength [27] .
We now investigate the physical effect of the discrete laser strength V 0 = V 0n on the considered BEC system. Applying Eq. (11) to the normalization condition yields the number of condensed atoms N n ≈ |ψ 0n | 2 dx = 2(1+ V 0n )/|g 1d | = (1 + V 0n )βa 2 r /|a s | for the metastable states given by Eq. (8) with Eqs. (11) and (17), that results in the relation
with V 0n given in Eq. (17) . Here the special value N n can be called the magic numbers of the macroscopic manybody system keeping in the metastable states. Differing from the magic numbers of the microscopic many-body system (e.g. atomic nucleus), N n denotes some approximate values, because of the approximation N ± 1 ≈ N in the mean-field theory of macroscopic many-body system [7, 8] . For a harmonically confined BEC system, the supercritical number N cr of condensed atoms obeys [7] N cr |a s | = 0.575a ho with a ho being the 3D harmonic oscillator length. The magic number N n may exceed the supercritical number N cr by increasing the laser strength V 0n and/or decreasing the laser barrier width β −1 . The approximate magic numbers of the considered manybody system warrants experimental investigation.
Let us take the simplest even solution of (x − x c ) with quantum number n = 1 as an example to show the feature of the chaotic solutions. From Eqs. (17) and ( 
in which the term 1 64 sech 3 y sinh 4y tends to ±∞ and the other terms tend to zero as x → ±∞. Applying Eqs. (21) and (22) 
which can be adjusted by the laser site x c and has a maximum and a minimum at cos(2kx c ) = ±1 respectively. In order to obtain the bounded numerical solution of Eq. (23), the parameter µ 1 must obey Eq. (24) . However, in any numerical computation, for a set of fixed parameters V 1 , k, x c it is impossible to take the value of µ 1 accurately, because of the irrational π with infinite sequence of digits in Eq. (24) . This implies small deviation from the accurate boundedness condition (18) and the small deviation will lead the numerical solution of Eq. (23) to be exponentially amplified by the unbounded function ψ ′′e 11 until infinity as x → ±∞. So the analytically bounded chaotic solution (23) is numerically unbounded and uncomputable for sufficiently large |x| values [14] . For a small |x| value ψ 2 is predictable for any y. The effective first-order correction to the Gaussian-like profile is analytical bounded, which can be obtained by cutting the infinity from the numerical solution of Eq. (23). These will be illustrated numerically as follows.
As an instance, setting the parameters V 0 = V 01 = 3/2, V 1 = 0.05, k = 1.5, g 1d = −1, µ 0 = −2 and the boundary condition which is equivalent to A = −∞, B = 0, from Eqs. (11) and (23) we plot the chaotic atomic density |ψ| 2 = (ψ 0 + ψ e 11 ) 2 as in Fig. 5a . Here the solid and dashed curves correspond to x c = 1, µ 1 = −0.02148 and x c = 2, µ 1 = 0.02083 respectively, which satisfy the generalized Melnikov chaos criterion (18) and (24) approximately. The dashed curve has approximate shape with the solid one and can be regarded as the latter after a translation of distance 1. The numerically unbounded first corrections are uncomputable for sufficiently large |y| = |x − x c | values and the starting points of the incomputability are shown to be about y = ±y s ≈ ±2 after which the atomic densities may be irregular and tend to infinity rapidly. By using the wide-black curves instead of the infinity in range |x − x c | ≥ 2 of Fig. 5a , we obtain the Gaussian-like wave packets as in Fig. 5b which describe the analytically bounded atomic density better. The wide-black parts are the sketch maps of the chaotic The analytically bounded density profiles from Fig. 5a by replacing the parts of |x − xc| > 2 with the sketch maps of the chaotic density regions.
regions of density distributions, whose width varies from the maximal value δ(y s ) ∼ V 1 to minimal one δ(±∞) = 0.
In the chaotic regions of density, the atomic density is unpredictable. The effective first corrections in the range x ∈ (−0.5, 3) are exhibited by the inset of Fig. 5b , which are plotted from Eq. (23) for the range |y| < 2 and the parameters adopted in Fig. 5a . It should be emphasized that the analytically bounded chaotic states are discrete and can be manipulated experimentally by taking the barrier heights V 0n in Eq. (17) discontinuously and adjusting the barrier site x c continuously. Particularly, by increasing x c adiabatically [28] , we can move the Gaussian-like wave packets slowly for the purpose of BEC transport [17] .
IV. CONCLUSIONS AND DISCUSSIONS
We have investigated the spatial structure of the 1D attractive BEC interacting with a tanh-squared-shaped laser barrier potential and perturbed by a weak laser standing wave. The existence of the Smale-horseshoe chaos is demonstrated and the Melnikov chaotic regions of parameter space are displayed. In the low laser barrier case, the aperiodic chaotic states and periodic regular states are illustrated numerically. For the sufficiently strong barrier potential a set of discrete chaotic solutions is constructed formally. Any chaotic solution is the combination of a Gaussian-like wave-packet with the corresponding perturbed correction. The discrete chaotic solutions are analytically bounded only for the discrete barrier height values and special magic numbers of condensed atoms. The density profiles of BEC in the discrete chaotic states are investigated numerically for the lowest quantum number, and the numerical instability is revealed. The Gaussian-like wave could be translated by varying the laser-barrier site adiabatically, which is similar to the bright soliton of an attractive BEC with the parabolic barrier potential [25] . The periodic structures of BEC can be detected by the Bragg scattering of an optical probe beam [29] and the used Gaussian-like potential can be generated by a sharply focused laser beam in the experiments [15] . Thus the irregular chaotic states could be observed and controlled readily with current ex-perimental capability.
The existence of chaos means the sensitive dependence of the BEC system on the boundary conditions and parameters in chaotic region. The sensitivity causes the unpredictability of the spatial distributions of the BEC atoms, since the boundary conditions cannot be set accurately in a real experiment. The above results reveal the possible bounded states associated with the spatial distributions, and suggest a method to control the irregular chaotic states by adjusting the lattice strength and laser barrier parameters.
It is worth noting that the discrete chaotic states may appear in many different physical systems with different Gaussian-like potentials and may also exist in the temporal and spatiotemporal evolutions of the time-dependent systems.
